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A Probability Consideration for Evaluating the Reliability of the Relationships 
among the Symbols in the Symbolic Addition Procedure 
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Reliability of the relationships among the symbols which are found in the symbolic addition procedure 
has been evaluated on the basis of probability considerations. Formulae for such reliabilities have been 
presented for both centrosymmetric and non-centrosymmetric crystals, and some possible applications 
were discussed, which could be helpful in an automatic phase determining procedure. 

Introduction 

It is well known that for a centrosymmetric crystal the 
sign of E h is approximately related to others by the 
sign relation 

S Eh~_S ~ EkEh_ k (1) 
kr 

(Hauptman & Karle, 1953), and for a noncentrosym- 
metric crystal the phase ~p~, associated with E h is approx- 
imately related to other phases by the relation 

('Ph ~ ~(flk + (Ph--k~kr (2) 

(Karle & Karle, 1966). In the symbolic addition pro- 
cedurc, the formula (1) or (2) is employed to define 
as many phases as possible of the largest IEhl in terms 
of the initially assigned phases and symbols. In the 
course of the phase determination using (1) or (2), it 
may often happen that some of the unknown symbols are 
expressed in terms of others. Such relationships among 
the symbols may be used to eliminate one of the sym- 
bols included in the relationships and will help us in 
reducing the number of combinations of undefined 
signs or phases. As Karle & Karle (1966) pointed out, 
the relationship among the symbols should be accepted 
only with great care and a criterion which has been 
applied most commonly is based upon the number of 
inconsistencies among the contributors to (1) or (2). 
In this paper we introduce probabilities to evaluate 
the reliability of the relationships among the symbols. 
These probabilities could be used as the basis of a more 
quantitative criterion for accepting the relationships 
in an automatic phase determining procedure. The 
probability consideration for centrosymmetric crystals 
is treated first and that for noncentrosymmetric crystals 
is described afterwards. 

Centrosymmetric crystal 

The probability that the sign of E h defined by (l) is 
positive was given by Woolfson (1954) and Cochran & 
Woolfson (1955) in the following form 

P+(h)=½+½tanh(a3az3/2[Ehl ~ EkEh_k). (3) 
kr 

When the sign of a certain E h is not given as either 
plus or minus but is defined in terms of a symbol a, the 
probability that the sign of E h is equal to the assigned 
symbol is given also by the same formula (3). In this 
case, summation over kr includes only F~Eh k'S which 
define the sign of Eh in terms of the symbol a, and 
EkEh-k'S are to be treated as + IEkEh_kl for those which 
assign + a  to the sign o f E  h and as -]EkEh_k] for those 
which assign - a .  

If there is a reflexion whose sign is given by two 
symbols, there will be a certain possibility of finding 
the relationship between these symbols. Reliability of 
the relationship in question could be evaluated as a 
probability which will be given in the following. 

If both symbols a and b are assigned to the sign of 
Eh and the corresponding probabilities are Pa(h) and 
P0(h), the probability of a being equal to b, denoted by 
Pa=o(h), may be expressed as follows, 

Pa:0(h) = Pa(h)Po(h) + [1 - Pa(h)][l - Po(h)], (4) 

for a is equal to b if both a and b are equal to the sign 
of E h or if both are opposite to the sign of E h. By use 
of (3), (4) is expressed in the following form 

Pa=b(h) = ½ + ½tanh(a3o Y 3/2[Ehl ~ EkEh_k) 
ka 

×tanh(a3~23/2[Ehl ~ EkEh_k), (5) 
kb 

where ka and k~ represent the restricted values of k for 
which the corresponding EkEh_k'S give the symbols a 
and b to the sign of E h, respectively. If there is only 
one reflexion with the largest E n whose sign is definable 
in terms of symbols a and b, the reliability of the rela- 
tionship that the symbols a and b are equal may be 
evaluated by formula (5). 

If there are several reflexions whose signs are defin- 
able in terms of both a and b, the probability that a and 
b are equal, indicated from each reflexion, may be 
given by Pa=b(hl), Pa:~(h2), - . .  and the corresponding 
indication that a and b are opposite sign may be given 
by 1-Pa=o (hi), 1-Pa=b (h2), " '" respectively. An appli- 
cation of Bayes's theorem (Uspensky, 1937) shows that 
the overall probability of the equality of a and b, 
divided by the corresponding probability of the oppo- 
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site sign is 
IIPa=b(h) 

Pa=b h 
- (6) 

Pa=-b II [1-Pa=b(h)] 
h 

and since Pa=b + Pa=-b = 1, 

HP~=b(h) 
Pa=b = h (7) 

nPa=b(h) + H[1-ea=b(h)] " 
h h 

Substituting (5) to (7), we obtain 

1 
Pa=b = 

1 + II ~ 1-qa=b(h) [ ,  (8) 
h I.l+qa=b(h)J 

where 

qa=bC n) = tanh (tTaa2312[Eh[ ~ EkEb-k)tanh 
ka 

(G:~-3Z21Ehl ~EkEh_k). (9) 
kb 

From (7) or (8), it may be seen that 

Pa=b > ½ for a = b and Pa=b < ½ for a = -- b. 

Formula (7) or (8) may be interpreted to include 
even the reflexion whose sign is not given by both a and 
b at the same time, if Pa=b(h) is set equal to ½ or if qa=o 
(h) is set equal to 0. The probability Pa=b calculated by 
(7) or (8) will give the numerical reliability of the rela- 
tionship between the symbols a and b considering all 
the reflexions. 

So far the case with only two symbols has been con- 
sidered. When three or more symbols have been used 
for the sign determination, the probabilities of the 
possible relationships among these symbols may be also 
evaluated by the application of the formula (5), (7) or 
(8). One example for the case using three symbols is 
shown in Table 1, where the probabilities that the sign 
of a certain reflexion has been defined in terms of these 

symbols are given in the left-hand part. Here the pro- 
bability values less than 50 suggest that the sign of 
symbols assigned at the top line are to be reversed. In 
the right-hand part of the Table, the possible rela- 
tionships among the symbols are given at the top line 
and the corresponding probabilities calculated from the 
values in the left-hand part, using the formula (5), are 
given at the appropriate positions. In this Table it may 
be noted that the identical relationships, such as ab = + ,  
a = b, ac = bc, are collected on the same columns. Over- 
all probabilities of each relationships considering all 
the reflexions can be evaluated by use of formula (7) 
from the probability values of the same columns. They 
are given in the last row corresponding to each relati- 
onship. The probabilities obtained in such a way may 
be useful in evaluating the reliabilities of the relation- 
ships among the symbols numerically. 

Non-centrosymmetric crystal 

For the case of the phase relation (2), the probability 
distribution for ~0 h was given by Cochran (1955) and 
Karle & Karle (1966) in the following form 

P(~oh)=[2zclo(.)] -1 exp(c~cos(fpb-Qo k+ qgh_k))), (10) 

where Io is a modified Bessel function and 

~= 2a:~-3/21Ehl {[~ F--kEh-kCOS((p k + ~h-k)] z 
kr 

+ [ ~ F_a, Eh_ksin(~Ok + ~Oh_k)]2 }l/2 . (11) 
kr 

In the course of the phase determination using (2), the 
phase of a certain reflexion may be defined in terms of 
a symbol a from a number of contributions in the 
right-hand side of (2) and at the same time the phase 
of the same reflexion may be defined in terms of an- 
other symbol b from other contributions. The prob- 
ability distribution for ~0h based on the contributions 
which assign the symbol a to ~0h has a centre at a and 

Table 1. Probabili ty o f  the relationship among the symbols  f o r  the case with three symbols  

Possible assignments of symbols and 
the associated probabilities (%) 

Reflexion + a b 
hi 95 90 
h2 85 
h3 
h4 10 15 
h5 50 60 
h6 90 10 
h7 70 85 
hs 90 
h9 
hlo 80 80 
hll 5 
h~2 30 
h~3 80 75 

h14 I0 20 

c ab bc ca 

80 

15 
70 

20 

75 80 

abc a= + 

75 
60 90 

90 
10 70 65 

40 

80 

Overall probabilities 

64 
70 
58 

74 

94"2 

Possible relationships among the symbols 
and the associated probabilities (%) 

b = +  c = +  ab=+ b c = +  c a = +  abc=+ 
86 
71 
65 
78 
50 
18 

68 29 29 
66 14 32 
66 44 56 38 34 
65 32 44 
5 6 (  45 ( 3 5  

32 

89"9 4"7 98"3 4"8 9"0 

42 

26 

20"3 
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may be denoted by Pa(~h). Pa(~0u) is expressed by a for- 
mula corresponding to (10) in which @k+~0~-k) is a 
and ~ is replaced by Ca, for the summations in (11) are 
restricted to the terms assigning a to ~0 h. For the case of 
symbol b, the corresponding Pb(~0~) and c~b may be also 
defined in the same way. In the non-centrosymmetric 
crystals, the probability of the relationship between a 
and b can not be given in such a simple form as was 
shown by (5) for the centrosymmetric crystals. Then we 
have to consider the probability distribution for the 
difference x between the phases represented by the sym- 
bols a and b. If this probability distribution is denoted 
by Pa-b,h(X), it may be expressed by the convolution of 
the distribution functions Pa(~0h) and Pb(~0h), 

Pa-b,h(X) = Pa(q~h)* Pb(9~h) = [(2n)2Io(O~a)Io(O~b)] -1 

x exp{c~cos(~oh--a-- ½x) 

+ e~COS(~0h-- b + ~-x)}d~o h . (12) 

When the integral in (12) is expressed by a Bessel 
function, 

Pa-b,h(X) = [2nIo(o~a)lo(o~b)] -1 

× I0 ([/~a2Lt - 2~a~bCOSX + ~ ) .  (13) 

The probability distribution for x, given by (13), has a 
maximum at the origin and its shape depends upon 
the values of both ~a and ~ .  The peak of the distri- 
bution at the origin becomes sharp only when the valu- 
es of both 0ca and 0~b are big enough. 

The probability distribution (13) can be used as a 
basis for evaluating the reliability of the equality of the 
symbols a and b. If Pa-b,h(X)'S are given for several 
reflexions, we may obtain the overall probability dis- 
tribution by multiplying individual distributions. 

P,,_b(x) = Al-IPa_t,.h(x) , (14) 
h 

where A is a normalizing constant given by 

A 1 Pa-t~,h(X) dx  . (15) 
[ d - n  h 

Formula (14) corresponds to formula ( 7 ) f o r  the 
centrosymmetric case. The probability distribution 
(14) can be calculated numerically at the end of the 
procedure employing (2). If the distribution of Pa-~(x) 
has a sharp and high peak at the origin, the symbols a 
and b may be assumed to be equal. The reliability of 
the equality of a and b could be evaluated by the corres- 
ponding variance, which is given in this case by the ex- 
pected value of x 2, calculated by the following equa- 
tion, 

( x 2 ) =  xzPa-b(x) d x .  (16) 
- -  l [  

We may accept the equality to the symbols a and b, if 
the value of (x 2) is less than a suitable constant 
which is to be chosen taking into account of the per- 
missible error. 

So far a special case of the equality of two symbols 
has been treated for the sake of convenience, but in 
actual cases possible relationships among the symbols 
will be given in the form of linear equations including 
various unknown symbols. As an example, we may 
assume that the phase of a certain reflexion is assigned 
at the same time by two sets of linear combinations of 
symbols and phase terms, such as a + 3 b -  n and b + c 
-¼n, where each expression is assumed to have been 
averaged over those which differ only in numerical 
terms. In this case, the possible relationship will be given 
by a linear equation, a + 2 b - c = ¼ n ,  where all the sym- 
bol terms are assembled on the left-hand side, and the 
probability distribution for the symbol combination, 
a + 2 b - c ,  with its center at ¼n, will be given by a slight 
generalization of (13). If many probable relationships 
having the same symbol combination, a + 2 b - c ,  are 
obtained from a number of reflexions, and if from each 
of the relationships the probability distribution for this 
symbol combination is given with its centre at the 
phase value which appears in the corresponding rela- 
tionship, the overall probability distribution for the 
symbol combination, a + 2 b - c ,  may be obtained by 
multiplying these individual distributions. The most 
probable value for the symbol combination, a + 2 b - c ,  
will be given by the position of the maximum peak of 
this probability distribution and the reliability of this 
most probable value will be evaluated by the corres- 
ponding variance calculated by use of (16). Relations- 
ships among various unknown symbols could be found 
in the way as was shown in the above example. 

Conclusion 

For centrosymmetric crystals, the reliability of the rela- 
tionships among the symbols, which have been found 
in the phase determination procedure, may be evalua- 
ted on the basis of the formulas (5) and (7). For non- 
centrosymmetric crystals, the corresponding reliability 
can be evaluated on the basis of the probability distri- 
bution functions (13) and (15), which represent the dis- 
tributions for the linear combination of symbols. The 
treatments introduced here are expected to be useful 
in an automatic calculation of the symbolic addition 
procedure. 

The authors would like to express their gratitude to 
Professor S. Naya and Professor K. Nakatsu of Kwan- 
sei Gakuin University for helpful discussions. 
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